Abstract The current development of safety systems within the automotive industry heavily relies on the ability to perceive the environment. This is accomplished by using measurements from several different sensors within a sensor fusion framework. One important part of any system of this kind is an accurate model describing the motion of the vehicle. The most commonly used model for the lateral dynamics is the single track model, which includes the so called cornering stiffness parameters. These parameters describe the tire-road contact and are unknown and even time-varying. Hence, in order to fully make use of the single track model, these parameters have to be identified. The aim of this work is to provide a method for recursive identification of the cornering stiffness parameters to be used on-line while driving.
INTRODUCTION
In Lundquist and Schön [2008a] the authors presented a new approach to estimate the road curvature by fusing the information from a camera, a radar, inertial sensors, a steering wheel sensor and wheel speed sensors, making use of an accurate vehicle model. This model is an enhanced single track model, which is also referred to as the bicycle model in the literature. This model contains several parameters, some of which are known and others that are unknown and hence have to be identified. The cornering behavior of the vehicle is strongly connected to the tire characteristics. The parameters of the tires are often assumed to be constant, and this was also the case in Lundquist and Schön [2008a] . In the present contribution we will show a way to identify these parameters in real time when driving.
To be more specific, the cornering stiffness parameter C αi (i = f, r for the front and the rear tires, respectively) describes the cornering behavior of the tire. The cornering stiffness parameters are used to describe the relation between the lateral friction force of the tires F i and the slip angles α i ,
(1) The slip angle is defined as the angle between the central axis of the wheel and the path along which the wheel moves. Hence, the cornering stiffness parameters have to be included in the model describing the motion of the vehicle. Rather than modeling the cornering stiffness as just a scalar, as indicated in (1), we will model it to be able to account for its dependence of the load transfer from the rear axle to the front axle when braking and vice versa when accelerating. This implies that besides the lateral and yaw dynamics we have to model the vertical motion of the vehicle as well. In this contribution we will derive a rather simple model for the vertical motion, including only the pitch angle and its derivative. The pitch angle is the angle between ground and the longitudinal axis of the vehicle. In modeling the pitching motion we end up with a linear state-space model, containing several unknown parameters, i.e. it is a linear gray-box model. These parameters can be identified using standard techniques [Ljung, 1999 , Graebe, 1990 . Finally, we can make use of the dynamic models describing the pitch, the lateral and the yaw motion of the vehicle to form an appropriate recursive least squares problem for identifying the cornering stiffness parameters on-line.
The problem of estimating the cornering stiffness parameters in the single track model is by no means new. However, our approach is, to the best of the authors knowledge, new in the sense that we make use of the vertical motion as well in order to estimate the stiffness parameters. Furthermore, as a spin-off contribution we provide a way for identifying the pitch dynamics of a vehicle. There are several previous approaches for identifying the cornering stiffness parameters based solely on the lateral dynamics, see e.g. [Wesemeier and Isermann, 2006 , Sienel, 1997 , Sierra et al., 2006 , Baffet et al., 2007 . Grip et al. [2008] used a nonlinear observer to estimate the side slip angle. It is the fact that we have access to measurements of the pitching motion, via the vertical position of the front and the rear suspension, that allows us to take the load transfer into account when identifying the cornering stiffness parameters.
LONGITUDINAL AND PITCH DYNAMICS
When a vehicle brakes or accelerates a vertical motion is induced in the vehicle body, the vehicle is said to pitch. This motion does not only depend on the vertical vibration characteristics and the longitudinal brake or drive force, but also on the type of suspension. Nevertheless, we will only consider a simple model of the vertical motion, describing how the pitch angle changes over time. In Section 2.1 we provide a brief derivation of the pitch dynamics used in this work, for a more detailed account, see, e.g. Mitschke and Wallentowitz [2004] . There are several unknown parameters in the model of the pitch dynamics that have to be estimated from data. This is the topic of Section 2.2.
Modeling
In Figure 1 we provide a side view of the vehicle, where the variables necessary for the present derivation are defined. First of all, let us write down the spring and damper equations,
where C sf , C sr , C df and C dr are the front (f ) and the rear (r) spring (s) and damper (d) constants, respectively. The vertical position of the complete chassis is denoted by z. We also assume that the pitch angles are small, implying
The vehicle body's kinetic motion equation in the vertical direction is given by
where F zr and F zf are the vertical spring and damper forces of the front and rear axle, respectively.
The longitudinal kinetic equation of the vehicle's body is given by
where F xf and F xr are the longitudinal forces acting on the wheel traction (positive values) or braking force (negative values) and F air is the drag, given by
(a) Definition of the variables used to describe the vertical motion of the vehicle. 
where the air density ρ is approximately 1.23 kg/m 3 at 1.0133 bar and 15
• [Mitschke and Wallentowitz, 2004] . The cross section is A and the drag coefficient is c W .
Finally, let us write down the torque equilibrium (6) where h and h air are the heights of the center of gravity and the center of drag, respectively. These equations are comprehensive and not all states and parameters are known. Some of the parameters are given by the vehicle manufacturer, other parameters must be identified. Let us first investigate what we know about the vehicle, i.e. what we are measuring with the standard sensors. In our vehicle 1 we measure the following variables related to the longitudinal and the pitch motion,
• the vertical position of the front and the rear suspension, ∆z f and ∆z r , • the longitudinal acceleration a x , • the longitudinal velocity v x and • the torque and revolution at the internal combustion engine.
The ratio between the front and the rear wheel's longitudinal forces differ depending on whether the vehicle is driving or braking.
The brake force is by construction higher on the front wheels than on the rear wheels. This brake force ratio contributes to a torque around the front wheels. When driving or coasting, the traction forces apply on the driven axle. Our vehicle is all wheel driven and the traction forces on the front and the rear wheels are approximately equal. Hence, the resulting traction force is not applied on the same position as the resulting brake force and in addition whether braking or driving it leads to a non-symmetric pitch behavior.
Identification
In order to estimate the spring and damper constants, we form a linear gray-box model and the parameters are identified using standard prediction error methods [Ljung, 1999] . In this gray-box model we make use of the suffix χ to clarify that it models the pitch dynamics. Define the states
and the input signals
(8) Here it is worth noting that the velocity signal is squared before it is used as an input signal. Finally, the output is defined according to
To simplify things, we assume C s C sf = C sr and C d C df = C dr . The parameters to be identified are
Let us now substitute the traction forces using (4) and the spring and damper forces (2) into (3) and (6) according to
The relation between the pitch angle χ and the measurements y χ
is used to derive a measurement equation, which together with (11) finally brings us to the state-space model
where l r = l b − l f . Measurements with acceleration and brake maneuvers excites the system and are suitable for estimating the parameters. The measurements from the standard sensors are noisy and are therefore filtered before being used for identification purposes. Since the identification can be performed off-line, a zero-phase forward and backward filter is employed. We used two different data sets collected the same day, but on different routs for estimation and validation. More information about the data is presented in Section 5.
A data sequence from the German Autobahn was used to identify the following parameters C s = 8.24 · 10 4 ,l f = 1.45,
and a validation sequence from a different data set is shown in Figure 2 . The raw pitch angle, directly calculated from the measurements using (12) is shown together with the pitch angles computed by our model. Clearly the model match the measurements, indicating that our model is able to capture the pitching dynamics. The corresponding longitudinal acceleration a x , which is used as input signal to the model is shown in Figure 3 . Whenever the vehicle accelerates this will result in a vertical motion, or in other words the pitch angle will change as a result of acceleration. That this is indeed the case for our model should be clear by comparing Figure 2 to Figure 3 . For example, at time t=45 s there is a negative acceleration (i.e. the vehicle is braking), intuitively this leads to a positive pitching motion (recall the definition of the pitch angle χ in Figure 1(a) ).
The input and output signals are corrupted with noise and the state-space model (13) is used within a Kalman filter framework to estimate the states. The load transfer is derived using the spring and damper forces (2) and the estimated states from the Kalman filter according to 
LATERAL AND YAW DYNAMICS
We will only be concerned with the vehicle motion during normal driving situations and not at the adhesion limit. This implies that the single track model is sufficient for our purposes [Mitschke and Wallentowitz, 2004] . The geometry of the single track model with slip angles is provided in Figure 4 . It is here worth to point out that the velocity vector of the vehicle is typically not in the same direction as the longitudinal axis of the vehicle. Instead the vehicle will move along a path at an angle β with the longitudinal direction of the vehicle. Hence, the angle β is defined as,
where v x and v y are the vehicle's longitudinal and lateral velocity components, respectively. This angle β is referred to as the float angle [Robert Bosch GmbH, 2004] or the vehicle body side slip angle [Kiencke and Nielsen, 2005] . Lateral slip is an effect of cornering. To turn, a vehicle Furthermore, the wheel slip angles are referred to as α f and α r . The front wheel angle is denoted by δ f and the current radius is denoted by ρ.
needs to be affected by lateral forces. These are provided by the friction when the wheels slip.
The slip angle α i , i = f, r is defined as the angle between the central axis of the wheel and the path along which the wheel moves. The phenomenon of side slip is mainly due to the lateral elasticity of the tire. For reasonably small slip angles, at maximum 3
• or up to a centripetal force of approximately 4 m/s 2 , it is a good approximation to assume that the lateral friction force of the tire F i is proportional to the slip angle,
(16) The parameter C αi is called cornering stiffness and describes the cornering behavior of the tire. The load transfer to the front axle when braking or to the rear axle when driving can be considered by identifying the cornering stiffness as a parabolic function according to [Mitschke and Wallentowitz, 2004] 
The nominal normal force F zi,nom is constant and specified by the tire manufacturer. The current vertical force F zi is given by the normal force at stationary conditions F zi,stat and the load transfer ∆F zi according to
where the load transfer ∆F zi is given in (14).
We can now derive a nonlinear state-space model for the vehicle lateral and yaw dynamics, using the following state vector
i.e., the yaw rateψ and the float angle β. The steering wheel angle δ f and the vehicle longitudinal velocity v x are both modelled as input signals,
and the measurements consists of the yaw rate and the lateral acceleration,
The complete details of this derivation, within the present framework, are provided in Lundquist and Schön [2008b] .
RECURSIVE IDENTIFICATION
Our approach to recursive identification of the cornering stiffness parameters is illustrated in Figure 5 . The main idea is to make use of both the pitch, the lateral and the yaw dynamics in order to form an appropriate identification problem. The equations modelling the dynamics have already been derived in Section 2 and Section 3. In this section we will pose the resulting recursive identification problem, starting with the regression model in Section 4.1 and the recursive solution is briefly described in Section 4.2.
Regression Model
The cornering stiffness parameters are identified using a linear regression model according to
where y t denote the measurements, ϕ t denote the regression vector, θ denote the parameters to be identified and e t denote the measurement noise. To be more specific, the parameter vector is given by
Furthermore, the measurement vector is chosen as
where the lateral forces are computed using Newton's equation according to
Furthermore, using (16) and (17) we have
implying that the regression matrix is given by
The only thing that is missing is expressions for the slip angles. In order to derive these, let us start by considering the longitudinal velocities
which must all be equal, since the vehicle would stretch otherwise. The lateral velocities differer by the yaw rate according to Figure 5 . Illustration of our approach to recursive identification of the cornering stiffness parameters. The solid lines corresponds to input signals (arrows pointing to the box) or measurement signals (arrows pointing away from the box) and the dashed lines corresponds to state or parameter estimates that are not directly measured. The pitch dynamics was treated in Section 2 and this is where the load transfer ∆F zi is computed, which in used in forming the regression vector (27). Furthermore, by making use of the lateral and yaw dynamics we can estimate the slip angles and the lateral accelerations which are also needed in solving the recursive identification problem.
Under normal driving conditions we can assume small α and β angles, i.e. that tan α = α and tan β = β hold, which results in the following expressions for the slip angles
This means that we can use the measurements v x and δ f and the estimated statesψ and β to calculate the slip angles.
Constrained Recursive Least Squares
The cornering stiffness parameters θ, given in (23), can now be estimated on-line by making use of the recursive solution to the following least squares problem,
where 0 < λ ≤ 1 is the so called forgetting factor. Furthermore, Λ denote a weighting matrix, which can be used to acknowledge the relative importance of the different measurements. It is possible to let λ and/or Λ be time varying. This can for instance be used to model the fact that the parameters are not identifiable during low excitation, i.e., when accelerations or velocities are missing. Finally, D M is used to denote the set of values over which θ ranges in the given model structure i.e., enforcing constraints on the parameter θ. The unconstrained recursive solution to (32) is given bŷ
This is commonly referred to as the recursive least square (RLS) algorithm. For a detailed account of the RLS algorithm and recursive identification in general we refer to Ljung [1999] , Ljung and Söderström [1983] .
The constraint θ ∈ D M can be enforced by simply projecting the estimates back into D M when necessary [Ljung, 1999] 
EXPERIMENTS AND RESULTS
The measurements used to illustrate and evaluate the approach proposed in this work were collected during normal driving conditions. Note that we are only using measurements that are directly available on the CAN bus in our test vehicle.
The cornering stiffness parameters are identified using the RLS algorithm given in (32) using the model given in (22)- (27), with Λ = I and λ = 0.99. Furthermore, the cornering stiffness parameters θ have to belong to the following set
The projection (34) is typically active in the beginning of the data sequence or when the system is not exited, i.e. at low velocities or at low lateral accelerations.
Let us start out by providing an illustration of the identified cornering stiffness parameters in Figure 6 . The measurements were collected in a test vehicle, which starts from a crossover, accelerates to approximately 100 km/h and follows a rural road for 10 min. Since we do not have access to the true values for the cornering stiffness parameters it is impossible to directly evaluate the accuracy. However, one interesting comparison is made in the figure. That is that there is a significant difference in the value depending on whether the asphalt is dry or wet. This was expected, since the cornering stiffness parameters describes the tire-road contact, which of course varies with wet/dry asphalt. The stiffness is higher on dry asphalt than on a wet and slippery road.
In Figure 7 we try to illustrate the fact that when the longitudinal acceleration is small, the covariance given in (33c) increase and as soon as there is a significant longitudinal acceleration present, the covariance is reduced. This illustrates the excitation problems inherent in this problem.
The slip angles are computed according to (31) and the result is illustrated in Figure 8 . Since there are no measurements, we cannot objectively evaluate these estimates. the covariance associated to the parameter C αf 1 . The plot shows that whenever there is little excitation in the acceleration, the covariance grows and as soon as there is significant acceleration present, the covariance is reduced.
However, based on knowledge about the test drive it can at least be said that the slip angles agrees with the expectation.
The experiments were performed on various public roads in Germany and the results are encouraging. In order to thoroughly validate the results it is necessary to carry out more dedicated experiments and use reference measurement equipment.
CONCLUSION
The contribution of this paper is a method for recursive identification of the cornering stiffness parameters that are essential for the single track model. Both the vertical, the lateral and the yaw dynamics are used to form the resulting regression problem that is solved using a constrained RLS algorithm. In order to find the vertical (pitch) dynamics we had to solve a linear gray-box problem. The method has been successfully evaluated on real measurements. 
